We deduce an evolution equation for an arbitrary hybrid Seiberg-Witten map for compact gauge groups by using the antifield formalism. We show how this evolution equation can be used to obtain the hybrid Seiberg-Witten map as an expansion, which is θ -exact, in the number of ordinary fields. We compute explicitly this expansion up to order three in the number of ordinary gauge fields and then particularize it to case of the Higgs of the noncommutative Standard Model.
Introduction
The Seiberg-Witten map was introduced in ref. [1] to account for the fact that at the classical level the same underlying field theory can be defined by using either noncommutative gauge fields or ordinary gauge fields. Indeed, when noncommutative gauge fields are used to define the theory, the classical action is a polynomial with regard to the ⋆ -product of the noncommutative gauge fields and their derivatives and it is, the classical action, invariant under noncommutative U(n) gauge transformations. However, this action turns out to contain an infinity of terms with ever increasing powers of the noncommutativity parameters, when ordinary gauge fields are employed to define it. The action in question is invariant under ordinary U(n) gauge transformations, when expressed in terms of the ordinary fields.
Strictly speaking, before the formalism proposed in Refs. [2, 3, 4] came about, the Standard Model of particle interactions had no counterpart on noncommutative space-time -see, though, ref. [5] for a close relative of the Standard Model. The formalism in question is called the enveloping-algebra formalism because the noncommutative gauge fields take values in the enveloping algebra of the Lie algebra of the corresponding ordinary gauge theory. In the enveloping-algebra formalism the noncommutative gauge fields are defined in terms of the ordinary gauge fields by using a Seiberg-Witten map, and thus the ordinary infinitesimal gauge orbits are mapped into infinitesimal noncommutative ones. Noncommutative matter fields are defined in terms of the ordinary gauge fields and matter fields by using the appropriate SeibergWitten map. By employing the enveloping-algebra formalism the noncommutative counterpart of the Standard Model of particle interactions was finally formulated in ref. [6] . Some phenomenological consequences that arise when the Standard Model is formulated on noncommutative space-time have been analyzed in Refs. [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] . The general construction of noncommutative GUTs was discussed in ref. [19] and concrete examples were given in Refs. [20, 21] . The Seiberg-Witten map has also been instrumental in the formulation of noncommutative gravity theories: see, for instance, Refs. [22, 23, 24, 25, 26, 27] .
If the Seiberg-Witten map is computed by expanding the noncommutative fields in powers of the noncommutativity parameters and only a finite number of those terms are considered in the computations, one misses the UV/IR mixing effects that are a key feature [28, 29] of noncommutative gauge theories when formulated in terms of the noncommutative fields. It was shown in ref. [30] that if the Seiberg-Witten map is defined as an expansion in powers of the coupling constant, or as an expansion in the number of ordinary fields, the UV/IR mixing effects do occur also when the noncommutative theory is expressed in terms of the ordinary fields; provided no expansion in powers of the noncommutativity parameters is carried out. This Seiberg-Witten map, where there is no expansion in the noncommutativity parameters, is referred to as the θ -exact Seiberg-Witten map. Several very interesting studies of the properties and phenomenological implications of the noncommutative field theories defined by means of the θ -exact Seiberg-Witten map have been carried out so far -see Refs. [31, 32, 33, 34, 35, 36] , but much work is still waiting to be done.
The computation of the θ -exact Seiberg-Witten map by brute force -ie, by coming up with an ansatz that solves the Seiberg-Witten map equation-for nonabelian gauge groups is a daunting task due to the highly involved non polynomial dependence of the map on the momenta. In ref. [37] , it was put forward a recursive method to construct a θ -exact Seiberg-Witten map for arbitrary gauge groups. The method in question produces a solution to the "evolution" Seiberg-Witten map equation, an equation which was obtained in Refs. [38, 39, 40, 41] by using the antifield formalism techniques -see Refs. [42, 43] , for alternative cohomogical approaches. However, there is an important type of Seiberg-Witten map which was not considered in ref. [37] and whose "evolution" equation has not been derived neither in Refs. [38, 39, 41] nor elsewhere. This type of Seiberg-Witten map is called the hybrid Seiberg-Witten map -see ref.
[44]-and it is needed when we have noncommutative matter fields on which some noncommutative gauge transformations act from the left and others act from the right. The hybrid Seiberg-Witten map is a must when one wants to analyze, using ordinary fields, noncommutative theories with noncommutative fields which transforms under the fundamental representation of the Lie algebra of U(n L ) on the right and under the fundamental representation of Lie algebra of U(n R ) on the right. Actually, the concept of hybrid Seiberg-Witten map was introduced in ref. [6] to construct the noncommutative Yukawa terms of the noncommutative Standard Model. Generally speaking, a noncommutative Yukawa term demands the existence of a hybrid Seiberg-Witten map for it to be expressible in terms of ordinary fields [19, 45] .
The purpose of this paper is threefold. First, to obtain, by using the antifield techniques of Refs. [38, 39, 40, 41] , an "evolution" equation for a general hybrid Seiberg-Witten map. Second, to show that it can be solved recursively in Fourier space by carrying out a formal expansion of the noncommutative fields in terms of the number of ordinary gauge fields. Thus, no expansion in the noncommutativity parameters is introduced. Third, to work out the θ -exact expression for a general hybrid Seiberg-Witten map up to order three in the number of ordinary gauge fields and particularize them to the noncommutative Higgs fields that occur in the noncommutative Standard Model of ref. [6] . It should be stressed that defining the Seiberg-Witten map as a formal expansion in the number of ordinary gauge fields is quite in keeping with a formulation of the corresponding quantum field theory in terms of Feynman diagrams.
The layout of this paper is as follows. In Section 1, we derive by using the antifield formalism an "evolution" equation which defines a general hybrid Seiberg-Witten map. In section 2, we show how solve recursively the hybrid Seiberg-Witten map "evolution" equation by expanding in the number of gauge fields in Fourier space. The resulting general hybrid Seiberg-Witten map is worked out explicitly up to order three in the number of gauge fields. Then, the general formulas are particularized to the Standard Model Higgs case. Several appendices are included, which contain lengthy expressions not given in the main sections of the paper.
The hybrid Seiberg-Witten map and the antifield formalism
Let L a and R a denote the generators, in arbitrary faithful finite dimensional matrix unitary representations, of compact Lie groups G L and G R , respectively. L a and R a will be hermitian matrices of dimension n L and n R , respectively. Let a µ (x) = a a µ (x)L a and b µ (x) = b a µ (x)R a be ordinary gauge fields whose BRST transformations read
where λ(x) = λ a (x)L a and ω(x) = ω a (x)R a denote the corresponding ordinary ghost fields.
Let φ(x) denote an ordinary scalar field which transforms as follows
under the BRST transformations that G L -acting from the left-and G R -acting from the right-give rise to.
Notice that φ(x) is valued in the space of n L × n R complex matrices; where n L and n R are the dimensions of the matrices which represent L a and R a , respectively. Let us point out that it will become clear that the Seiberg-Witten map "evolution" equations presented below remain valid when φ(x) is a fermion field, but that we shall take φ(x) to be a scalar to avoid the proliferation of indices.
Let the Moyal product, ⋆ h , of two functions, f 1 and f 2 , be defined as follows:
where p ∧ q = θ ij p i q j .f 1 andf 2 are the Fourier transforms of f 1 and f 2 , respectively.
In the enveloping-algebra formalism [4] , to the ordinary gauge fields a µ and its ghost field λ , one associates a noncommutative gauge field, A µ , and a noncommutative ghost field Λ , respectively. A µ = A µ [a ρ , θ] and Λ = Λ[a µ , λ; θ] are functions of a µ , λ and θ ij , such that they are a solution to the Seiberg-Witten map equations
Above, the symbol s N C denotes the noncommutative BRST operator, which, by definition, acts on A µ and Λ as follows:
Analogously, one associates to the ordinary gauge field b µ and its ghost field ω , a noncommutative field, 
3)
The action on s N C on B µ and Ω is defined thus
Following Ref. [44] , we shall associate a noncommutative field, Φ , to the ordinary field φ . We shall assume that Φ = Φ[φ, a ρ , b ρ ; θ] is given by formal power series of the ordinary fields φ , a µ and b µ such that it satisfies the following equations 5) where To construct real actions one also needs the hermitian conjugate of Φ and φ , which we shall denote byΦ andφ , respectively. As for the BRST transformations ofΦ andφ , we shall demand that
The purpose of the current Section is to show that a solution to the hybrid Seiberg-Witten map equations in (2.5) -ie, a Seiberg-Witten map-can be found by solving the following "evolution" problem:
where A i and B i solve the following equations
respectively. We use the following notation:
It has already been shown -see [38, 39] -that (2.8) solve the Seiberg-Witten equations in (2.1) and (2.3).
To show that by solving (2.7) one obtains a hybrid Seiberg-Witten map, we shall take advantage of the cohomological techniques that were developed in Refs. [38, 39, 40, 41] in the context of the antifield formalism. Following ref. [39] we shall prove first that the previous statement is correct for the case of ordinary fields a µ and λ that take values in the fundamental representation of the Lie algebra of U(n L ) , along with ordinary fields b µ and ω which take values in the fundamental representation of U(n R ) . Once the proof for this (U(n L ), U(n R )) case is completed, one finishes the proof for the (G L , G R ) case by constraining a µ and λ to take values in the initial n L -dimensional matrix representation of the Lie algebra of G L , and b µ and ω to be valued on the n R -matrix representation of the R a we started with. Notice that this procedure works -see ref.
[39]-since we are considering faithful representations of the compact Lie algebras of G L and G R by hermitian matrices of finite dimension. Hence, until otherwise stated L a and R a will be in the fundamental representation of U(n L ) and U(n R ) , respectively. This implies that until we say otherwise a µ , λ , A µ and Λ will be elements of the Lie algebra of U(n L ) , with coordinates a In the antifield formalism -see [46, 47] , for a reviews-one starts by associating an antifield to each field and, then, one sets up the antibracket and the master equation.
) denote the noncommutative fields collectively. Then
whereŜ Antif ields is given in (2.13). A very long, but straightforward, computation -see Appendix B, for details-yields the following result:
By computing the partial derivative ofŜ Antif ields [F M , F * M ; hθ] in (2.13) with respect to h -recall that no derivatives of F M and F R.H.S of (2.16). Thus we come to be conclusion that
It is key to realize that
; hθ] does not depend on the noncommutative antifields. Now, taking into account thatĴ in (2.14) is linear in the noncommutative antifields, one comes to the conclusion that (Ĵ , F M ) does not depend on the noncommutative antifields.
Hence the solution to the "evolution" problem
only involves the ordinary fields, f M , and not the ordinary antifields f *
; hθ] does not depend on the ordinary antifields when we replace
in (2.14) with the corresponding solution to (2.17). We have thus finished the proof that the equations in (2.10) define a Seiberg-Witten map for theĴ in (2.14).
Notice that forĴ in (2.14), one has
where L a and R a are the generators of U(n L ) and U(n R ) in the corresponding fundamental representations. L a and R a are normalized so that T r(L a L b ) = δ ab and T r(R a R b ) = δ ab . Hence, taking into account the results in (2.18) and the equations in (2.17), one concludes that the "evolution" equations in (2.7) and (2.8) define a Seiberg-Witten map.
So far the ordinary fields a µ and λ take values in the Lie algebra of U(n L ) , in the fundamental representation, and the ordinary fields b µ and ω take values in Lie algebra of U(n R ) , also in the fundamental representation. Let us now move on and consider the case when the ordinary gauge fields and ghosts take values in faithful matrix representations of Lie algebras of compact Lie groups.
Let M L denote the Lie algebra of n L × n L matrices which constitutes the finite faithful representation of the Lie algebra of the compact Lie group G L we had at the beginning of this section. Analogously, let M R denote the Lie algebra of n R × n R matrices which realize a faithful representation of the Lie algebra of the compact Lie group G R we introduced above. M L is a Lie subalgebra of the Lie algebra of U(n L ) in the fundamental representation. Similarly, M R is a Lie subalgebras of the Lie algebra of U(n R ) in the fundamental representation. Then, then by restricting a µ and λ to take values in M L , and b µ and ω to take values in M R , we conclude that the "evolution" equations in (2.7) and (2.8) define a hybrid Seiberg-Witten map for arbitrary compact groups in faithful unitary finite dimensional representations.
Solving the hybrid Seiberg-Witten map equation in a θ -exact way
Let us embrace the notion that in a noncommutative quantum field theory each interaction vertex in momentum space is a monomial in the ordinary fields. Then one finds it natural to solve the problem in (2.7) by expanding Φ[a µ , b µ , φ; hθ] in the number of ordinary gauge fields. Hence, Φ[a µ , b µ , φ; hθ] will be given by
where the superscript n in Φ (n) [a µ , b µ , φ; hθ] signals that its Fourier transform is a monomial of degree n in the ordinary gauge fields. Obviously,
if the "initial" condition in (2.7) is to be met.
Substituting the expansion in (3.1) in the "evolution" equation in (2.7), one finds that the differential equation can be solved recursively. Indeed,
It is important to stress that in the previous equation Next, let us carry out the integrations over t in the integrals in (3.4). Then, the following expressions for Φ (1) and Φ (2) are obtained in momentum space:
where
The bar above M (2,0) stands for complex conjugate.
To carry out the integration over t in the expression in (3.4) giving
i [tθ] and B
i [tθ] : these are given in ref. [37] . A lengthy computation yields
Taking into account the definitions in Appendix C, we have
,
The bar above M (1, 2) and M (3,0) denotes complex conjugation.
Hybrid Seiberg-Witten maps of the Higgs field in the noncommutative Standard Model
In this section, a µ (x) , b µ (x) and G µ (x) will denote the U(1) , SU(2) and SU(3) gauge fields of the ordinary Standard Model; φ(x) will stand for the ordinary Higgs doublet and 1I 2 will stand for the unit on C 2 . Let us recall that a µ (x) is a real vector field, that b µ (x) is a hermitian complex matrix and that φ(x) takes values in C 2 . Below, we shall use the entries, s 1 , s 2 = 1, 2, 3 , of the matrix G µ (x) , rather than the matrix itself, and, thus, make apparent the doublet structure of the expressions displayed therein.
The reader should look up, in the previous section, the definitions of the functions
, which shall occur below.
The construction of the noncommutative Yukawa terms of the noncommutative Standard Model of Ref. [6] requires three types of hybrid Seiberg-Witten map of the ordinary Higgs field: one for leptons and two for quarks. Let us begin with lepton case.
The noncommutative Yukawa term for leptons reads [6] 
Here, the noncommutative Higgs field, Φ lepton , is defined by the following hybrid SeibergWitten map
lepton (x) + ...., where
The noncommutative Yukawa term for the down-type quarks is [6] 
In the previous expression, the indices s 1 and s 2 run from 1 to 3 , since the ordinary quarks are in the fundamental representation of SU(3) . The noncommutative Higgs field, Φ s 1 down s 2 (x) , in (4.1) is defined by the hybrid Seiberg-Witten map, with expansion
that is obtained by setting z d = 1/3 in the following expressions:
Finally, the noncommutative Yukawa term for the up-type quarks [6] reads
The noncommutative Higgs field, Φ 
Final comments and outlook
In this paper we have shown how the antifield formalism can be used to derive an "evolution" equation for the hybrid Seiberg-Witten map for arbitrary compact gauge groups in arbitrary faithful matrix representations. We have also shown that this "evolution" equation can be solved recursively in a θ -exact way, thus providing a tool to systematically construct hybrid Seiberg-Witten maps which will give rise to UV/IR mixing effects. We have computed the expansion of a general θ -exact hybrid Seiberg-Witten up to order three in the number of ordinary gauge fields. Finally, we have worked out explicitly, up to three ordinary gauge fields, the three θ -exact hybrid Seiberg-Witten map that are needed to formulate the Yukawa terms of the noncommutative Standard Model. Furnished with formulae presented in this paper -along with the results in Ref. [37] -a systematic study of the occurrence of noncommutative effects -UV/IR mixing phenomena, in particular-on the physics of the Higgs particle and other particles of the Standard Model can be launched. Besides, the equivalence, at the quantum level, of supersymmetric noncommutative U(n) gauge theories formulated in terms of noncommutative fields and the same classical theories formulated, by means of the SeibergWitten map, in terms of ordinary fields can be systematically analyzed for matter in the fundamental, anti-fundamental and bi-fundamnetal representations.
Then, a standard functional that is invariant under the BRST transformations in (2.2), (2.4) and (2.6) readŝ
In the equations above repeated indices indicates sum over all their values. 
The substitution of the previous results in (7.1) and some lengthy algebra yields that the contribution toÂ[F M , F *
which matches the appropriate summands in the RHS of (2.16). All the remaining summands in the RHS of (2.16) are obtained by carrying out similar algebraic computations.
Appendix C
In this Appendix we give the value of every function that enters M (3, 0) 
